Orthogonal Asymptotic Lines 
on Surfaces Immersed in R 4 



Luis Fernando Mello 

Instituto de Ciencias Exatas 
Universidade Federal de Itajubd 
CEP 37.500-903, Itajubd, MG, Brazil 
e-mail: lfmelo@unifei. edu.br 



Abstract 



In this paper we study some properties of surfaces immersed in R 4 whose 
asymptotic lines are orthogonal. We also analyze necessary and sufficient 
conditions for the hypersphericity of surfaces in R 4 . 



Key words and phrases: asymptotic lines, inflection points, normal cur- 
vature, hypersphericity. 

2000 Mathematics Subject Classification: 53A05, 58C25. 
Research partially supported by FAPEMIG grant EDT 1929/03. 



1 



1 Introduction 



There are two different ways to construct line fields on surfaces immersed 
in R 4 . The first one consists in considering the ellipse of curvature in the 
normal bundle of the surface and taking the pull back of points on this ellipse 
to define tangent direction fields. Examples of this approach are given by: 
the lines of axial curvature, along which the second fundamental form points 
in the direction of the large and the small axes of the ellipse of curvature; the 
mean directionally curved lines, along which the second fundamental form 
points in the direction of the mean curvature vector; and the asymptotic 
lines, along which the second fundamental form points in the direction of the 
tangent lines to the ellipse of curvature. 

The other way consists in defining the v-principal curvature lines, along 
which the surface bends extremally in the direction of the normal vector v. 
To this end, we need to take an unitary normal vector field v and follow the 
classical approach for surfaces immersed in R 3 . 

The lines of axial curvature are globally defined and their singularities are 
the axiumbilic points where the ellipse of curvature becomes either a circle or 
a point. The axiumbilic points and the lines of axial curvature are assembled 
into two axial configurations. The first one is defined by the axiumbilics and 
the field of orthogonal lines on which the surface is curved along the large axis 
of the ellipse of curvature. The second one is defined by the axiumbilics and 
the field of orthogonal lines on which the surface is curved along the small 
axis of the ellipse of curvature. Each axial configuration is a net consisting of 
orthogonal curves and axiumbilic points. Therefore a line of axial curvature 
is not necessarily a simple regular curve; it can be immersed with transversal 
crossings. The differential equation of lines of axial curvature is a quartic 
differential equation according to (HI El E] A global analysis of the lines of 
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axial curvature was developed in [U]. 

The mean direct ionally curved lines are globally defined and their sin- 
gularities are either the inflection points, where the ellipse of curvature is a 
radial line segment, or the minimal points, where the mean curvature vec- 
tor vanishes. It was shown in jTTj that the differential equation of mean 
directionally curved lines fits into the class of quadratic or binary differen- 
tial equations. The global behavior of mean directionally curved lines was 
studied in [TTj. 

The asymptotic lines do not need to be globally defined on the surfaces 
and in general are not orthogonal. It was shown in ^3] that a necessary 
and sufficient condition for existence of the globally defined asymptotic lines 
on a surface M 2 in R 4 is the local convexity of M 2 . The differential equa- 
tion of asymptotic lines is also a quadratic differential equation and their 
singularities are the inflection points. 

The //-principal curvature lines are orthogonal and globally defined on 
surfaces immersed in R 4 and their singularities are the //-umbilic points, 
where the //-principal curvatures coincide. The differential equation of v- 
principal curvature lines is a quadratic differential equation according to ^3] . 
An analysis of //-principal curvature lines near generic //-umbilic points is 
presented in [T3] and in [3] the //-principal cycles (closed //-principal curvature 
lines) are studied. A global analysis of the //-principal curvature lines was 
developed in j^j, for v = H, where H is the normal mean curvature vector. 

We prove in that the orthogonality of the asymptotic lines is equiv- 
alent to the vanishing of the normal curvature. This result has been already 
obtained by Romero- Fuster and Sanchez- Bringas in ^3] using a different ap- 
proach. We also prove in that the quartic differential equation of lines 
of axial curvature can be written as the product of the quadratic differential 
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equations of mean directionally curved lines and asymptotic lines if and only 
if the normal curvature of a vanishes at every point. Thus if the normal 
curvature of a vanishes at every point then the axial curvature cross fields 
split into four direction fields and therefore it is not possible that the lines 
of axial curvature have transversal crossings. 

On the other hand, it is well known that a point p is semiumbilic if 
and only if the normal curvature vanishes at p, Semiumbilic points are 
interesting from the viewpoint of the theory of singularities of functions. Ob- 
serve now that we have analogous statements if instead of vanishing normal 
curvature it is required semiumbilicity. 

We say that an immersion a : M 2 — > R 4 is hyperspherical if its image is 
contained in a hypersphere. In this work we study some properties of surfaces 
immersed in R 4 whose asymptotic lines are orthogonal. In particular, we 
relate the property of having globally defined orthogonal asymptotic lines 
with hypersphericity, obtaining the following theorem. 

Theorem 3.2. Let a : M 2 — > R 4 be an immersion of a smooth oriented 
surface with globally defined orthogonal asymptotic lines. Suppose that there 
exist an unitary normal vector field v and r > such that the distance from 
the projection of the ellipse of curvature e a (p) onto the z^-axis to p is r, for 
all p G M 2 , and the Gaussian curvature K ^ r 2 . Then a is hyperspherical. 

Finally, theorem 3.4 of [Tlj, lemma 2.1 and theorem 2.1 of [12 a and re- 
sults of this paper are put together in Theorem 13.51 establishing seven other 
equivalent conditions to the orthogonality of the asymptotic lines. 

This paper is organized as follows. A review of properties of the first 
and second fundamental forms, the ellipse of curvature and the line fields on 
surfaces immersed in R 4 is presented in section |21 General aspects of the 
curvature theory for surfaces immersed in R 4 are presented in the works of 
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Forsyth 0, Wong [T7], Little [TO] and Asperti p. Section El is devoted to the 
study of orthogonal asymptotic lines as well as hypersphericity of immersions. 
Finally, in section 0] some general problems are stated. 

2 Line fields on surfaces in R 4 

For sake of completeness in this section we present a survey of the relevant 
notions that will need later. Let a : M 2 — ► R 4 be an immersion of a smooth 
oriented surface into R 4 , which is endowed with the Euclidean inner product 
(•, ■) and is oriented. In this paper immersions are assumed to be C°°. Denote 
respectively by TM and NM the tangent and the normal bundles of a and 
by T p M and iV p M the respective fibers, i.e., the tangent and the normal 
planes at p G M 2 . Let \v\,v^\ be a frame of vector fields orthonormal to 
a. Assume that (u, v) is a positive chart of M 2 and that {a u , a v , V\, is a 
positive frame of R 4 . In such a chart (u, v) the first fundamental form of a, 
I a , is given by 

I = I a = (da, da) = Edu 2 + IFdudv + Gdv 2 , 

where E = (a u , a u ), F = (a u , a v ) and G = (a v , a v ). The second fundamental 
form of a, II a , is defined in terms of the NM-valued quadratic form 

II = II a = (d 2 a, v\)v\ + (d 2 a, z/ 2 )^ 2 = Hu^i + Hv 2 vi, 

where 

II Vi = II Uua = eidu 2 + 2fidudv + gidv 2 , 

e* = (a uu , h>i), ft = (a uv , and g { = (a vv , i/j), for i = 1,2. 
The following functions are associated to a (see [10 ): 

1. The mean curvature vector of a 

H = H a = H x vx + H 2 v 2 , 
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where 



for i 



Hi = Hi , 



E 9i - 2Ffj + Gg 
2(EG-F 2 ) 



1,2; 



2. The normal curvature of a 

E(fig 2 - /2P1) - F{e x g-2 - 625-1) + G(ei/ 2 - e 2 /i) 



3. The resultant A of IJi )Q , and 1/2,0 



A = A r 



2(EG - F 2 ) 





ei 


2/i 


£1 





1 


e 2 


2/2 


92 





4(FG - F 2 ) 





ei 


2/i 


9i 







e 2 


2/2 


92 



4. The Gaussian curvature of a 

ei5i 



(A) 2 



e 2 ^2 - (i^ 



EG-F 2 

5. The normal curvature vector of a defined by 77(2?, v) = 77^^ ■ 

The image of the unitary tangent circle S 1 by 77 (p) : T P M — > ApM de- 
scribes an ellipse in jV p M called ellipse of curvature of a at p and denoted 
by e a (p). This ellipse may degenerate into a line segment, a circle or a point. 
The center of the ellipse of curvature is the mean curvature vector H and 
the area of e a (p) is given by | \k N (p)\. The map 77 (p) restricted to S 1 , being 
quadratic, is a double covering of the ellipse of curvature. Thus every point 
of the ellipse corresponds to two diametrically opposed points of the unitary 
tangent circle. The ellipse of curvature is invariant by rotations in both the 
tangent and normal planes. 

A point p G M 2 is called a minimal point of a if H(p) = and it is called 
an inflection point of a if A(p) — and /cjv(p) = 0. It follows that p G M 2 



6 



is an inflection point if and only if its ellipse of curvature is a radial line 
segment |TU] . 

Lines of axial curvature. The four vertices of the ellipse of curvature 
e a (p) determine eight points on the unitary tangent circle which define two 
crosses in the tangent plane. Thus we have two cross fields on M 2 called 
axial curvature cross fields. This construction fails at the axiumbilic points 
where the ellipse of curvature becomes either a circle or a point. Generically 
the index of an isolated axiumbilic point is ±| (see (SIIZIIH])- The integral 
curves of the axial curvature cross fields are the lines of axial curvature. 

Generically there is no good way to distinguish one end of the large (or 
small) axis of e a {p) and therefore pick out a direction of the cross field. Thus 
a line of axial curvature is not necessarily a simple regular curve; it can be 
immersed with transversal crossings. 

The differential equation of the lines of axial curvature is a quartic dif- 
ferential equation of the form 

Jac(\\n- H\\ 2 ,l^j = 0, (1) 

where 

Jac(,.)- ^'^ 



d(du, dv) ' 

which according to [B] can be written as 

A du A + A x du 3 dv + A 2 du 2 dv 2 + A 3 dudv 3 + A A dv A = 0, (2) 

where 

A = a E 3 , A 1 = a^ 3 , A 2 = —Qa GE 2 + 3a 1 FE 2 , 
A 3 = —8a EFG + ai E(AF 2 - EG) , A 4 = a G(EG - AF 2 ) + ai F(2F 2 - EG) , 



a 



F(EG - 2F 2 )(e 2 1 + e 2 ) - Ea 6 a 2 - E 2 F(a 3 + a 5 ) + E 3 a A 
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at = 4 Ga 6 (el + e£) + 8EFGa 2 + £ 3 (# 2 + # 2 ) - 2£ 2 G(a 3 + as) 



a 2 = ei/i + e 2 / 2 , a 3 = eipi + e 2 # 2 , a 4 = fxgi + /2P2, 



a 5 = 2(/ 2 + / 2 ), a 6 = £G-4F 2 . 



Mean directionally curved lines. The line through the mean curvature 
vector H(p) meets e a (p) at two diametrically opposed points. This construc- 
tion induces two orthogonal directions on T P M 2 . Therefore we have two 
orthogonal direction fields on M 2 called H-direction fields. The singulari- 
ties of these fields, called here H- singularities ; are the points where either 
H = (minimal points) or at which the ellipse of curvature becomes a ra- 
dial line segment (inflection points). Generically the index of an isolated 
//-singularity is ± 2 (TTJ. The integral curves of the indirection fields are the 
mean directionally curved lines. 

The differential equation of mean directionally curved lines is a quadratic 
differential equation of the form ^l] 



Bt = {e 1 g 2 -e 2 g 1 )E + 2{e 2 f 1 -e 1 f 2 )F, B 2 = (/^ 2 -/ 2 ^) J B + (e 2 / 1 -e 1 / 2 )G, 
B 3 = 2(fm - f29i)F + {e 2 g\ - e\g 2 )G. 



Asymptotic lines. Suppose that p (the origin of iV^M 2 ) lies outside s a (p), 
for all p G M 2 . The two points on e a (p) at which the lines through the 
normal curvature vectors are tangent to e a (p) induce a pair of directions 



Jac{Jac(II Ul , II U2 ), -0 = 0, 



(3) 



which can be written as 



Bi(u, v)du 2 + 2B 2 (u, v)dudv + B 3 (u, v)dv 2 = 0, 



(4) 



where 
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in T p M 2 which in general are not orthogonal. Thus we have two tangent 
direction fields on M 2 , called asymptotic direction fields. The singularities 
of these fields are the points where the ellipse of curvature becomes a radial 
line segment, i.e., the inflection points. Generically the index of an isolated 
inflection point is ±| The integral curves of the asymptotic direction 
fields are the asymptotic lines. 

The differential equation of asymptotic lines is a quadratic differential 
equation of the form [TT] 

Jac(II Ul ,II U2 ) =0, (5) 

which can be written as 

Ti(u, v)du 2 + T 2 (n, v)dudv + T 3 (u, v)dv 2 = 0, (6) 

where 

Ti = ex/a - e 2 /i, T 2 = e x g 2 - e 2 gi, T 3 = f t g 2 - f 2 g x . 

//-Principal curvature lines. The projection of the pullback, ct*(R 4 ), of 
the tangent bundle of R 4 onto the tangent bundle of an immersion a will be 
denoted by H a ,T- This vector bundle is endowed with the standard metric 
induced by the Euclidean one in R 4 . 

Denote by v = v a the unit normal vector field of a. The eigenvalues 
k\ — ki tCC < k 2t a — k 2 of the Weingarten operator W a = —U at TDu a of TM 
are called the v-principal curvatures of a. The points where k = k\ = k 2 
will be called the v-umbilic points of a and define the set S u = S UtCr We say 
that a is v-umbilical if each point of the immersion is z/-umbilic. Outside S u 
are defined the minimal, L mta , and the maximal, Lm, , v-principal line fields 
of a, which are the eigenspaces of W a associated respectively to k± and k 2 . 
Generically the index of an isolated z/-umbilic point is ±| [TH]- The integral 
curves of the ^-principal line fields are the v-principal curvature lines. 
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In a local chart (u, v) the ^-principal curvatures lines are characterized 
as the solutions of the following quadratic differential equation ^S] 



(Fg„ - f v G)dv 2 + [Eg v - e u G)dudv + (Ef v - Fe u )du 2 = 0, (7) 



where E, F and G are the coefficients of the first fundamental form and 
e u =< a uu , v >, f u =< a uv , v > and g v =< a vv , v > are the coefficients of 
the second fundamental form relative to u, denoted by II V = II Va . Equation 
flZJ) is equivalently written as 



3 Orthogonal asymptotic lines 

Let a : M 2 — > R 4 be an immersion of a smooth oriented surface into R . 
In jH] Garcia and Sotomayor prove the following theorem: Suppose that the 
image of the surface M 2 by a is contained into R 3 . Then the quartic dif- 
ferential equation of lines of axial curvature is the product of the quadratic 
differential equation of its principal curvature lines and the quadratic differ- 
ential equation of its mean curvature lines. It is interesting to observe that 
every point of M 2 is an inflection point. 

We have established in JT] the following theorem: Let a : M 2 — > S 3 (r) 
be an immersion of a smooth oriented surface into a 3-dimensional sphere 
of radius r > 0. Consider the natural inclusion i : S 3 (r) — > R 4 and the 
composition i o a also denoted by a. Then the quartic differential equation 
of lines of axial curvature (0) can be written as 



where the first expression in © is the quadratic differential equation of mean 
directionally curved lines (jHJ) and the second one is the quadratic differential 
equation of asymptotic lines ©• 



Jac(II u ,T) = 0. 



(8) 



Jac{Jac(II Ul , II U2 ), 1} ■ Jac(II ul , II V2 ) = 0, 



(9) 
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It is interesting to observe that in the above construction the asymptotic 
lines are orthogonal and the normal curvature of a vanishes at every point. 
This is a particular case of the following theorem proved in [T2], which was 
also obtained in ^3] using a different approach: Let a : M 2 — > R 4 be 
an immersion of a smooth oriented surface with isolated inflection points. 
The immersion a has orthogonal asymptotic lines if and only if the normal 
curvature of a vanishes at every point. 

We have established in ^2] the following theorem: Let a : M 2 — > R 4 
be an immersion of a smooth oriented surface with isolated inflection points. 
The quartic differential equation of lines of axial curvature ([IJ can be written 
as 

Jac{Jac(II Ul ,II U2 ),I} ■ Jac(II ul ,II U2 ) = 0, (10) 

where the first expression in (jl(Jj) is the quadratic differential equation of mean 
directionally curved lines (JHJ) and the second one is the quadratic differential 
equation of asymptotic lines (0), if and only if the normal curvature of a 
vanishes at every point. 

We can prove the following corollary: Let a : M 2 — > R 4 be an immersion 
of a smooth oriented surface into R 4 . If the immersion a has orthogonal 
asymptotic lines then the inflection points are obtained where the ellipse of 
curvature becomes a point. In fact, from Equation (jlOj) 

Jac(\\rj- H\\ 2 ,A = Jac{Jac{II Ul ,II U2 ),I} ■ Jac{II Ul , II U2 ) = 0. (11) 

As the inflection points are singularities of asymptotic lines then by (111)) they 
are singularities of lines of axial curvature. But the singularities of lines of 
axial curvature are the points where the ellipse of curvature becomes either 
a circle or a point. Thus the only possibility in this case is that the ellipse 
of curvature becomes a point. 



11 



Theorem 3.1 Let a : M 2 — > S 3 (r) be an immersion of a smooth oriented 
surface into a 3- dimensional sphere of radius r > 0. Consider the natural 
inclusion i : S 3 (r) — > R 4 and the composition i o a also denoted by a. Then 
there exist an unitary normal vector field v and A > such that the ellipse 
of curvature s a (p) is a line segment with the following property: the distance 
from the projection of s a (p) onto the v-axis to p is X, for all p G M 2 . 

Proof. Let {z^i,v 2 } be a frame of vector fields orthonormal to a, where 
Vi(p) G T p S 3 (r) and v 2 (jp) is the inward normal to S 3 (r), for all p G M 2 . 
Thus 

11 1 1 

v 2 = — a, e 2 = - E, f2 = -F and g 2 = - G, 

iy* ty ty ry 

where E, F and G are the coefficients of the first fundamental form of a. It 
follows that 

U V2 = -I. 

r 



Now 



II II U1 II V2 II V1 t 1 

V = -J = -J- "I + — ^2 = — vi + - vi- 



This implies that the ellipse of curvature e a (p) is a line segment orthogonal 
to h>2, for all p G M 2 . Define v = v 2 and A = -. The theorem is proved. 

Let a : M 2 -> R 4 be an immersion of a smooth oriented surface with 
globally defined orthogonal asymptotic lines. Then the ellipse of curvature 
e a (p) is a line segment for all p G M 2 except at the inflection points. We say 
that the immersion a has constant projection if there exist an unitary normal 
vector field v and r > such that the distance from the projection of e a (p) 
onto the z^-axis to p (the origin of N p lSA 2 ) is r, for all p G M 2 . The constant 
r is called distance of projection. 

Theorem 13.11 shows that if a is hyperspherical then a has constant pro- 
jection whose distance of projection is r _1 , where r is the radius of the 
hypersphere. The converse of Theorem 13 .11 is given by the following theorem. 
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Theorem 3.2 Let a : M 2 — > R 4 be an immersion of a smooth oriented 
surface with globally defined orthogonal asymptotic lines. Suppose that a 
has constant projection with distance of projection r > 0, and the Gaussian 
curvature K ^ r 2 . Then a is hyperspherical. 

Proof. Since all the notions of this paper are independents of the chart it 
is enough to prove this theorem for an orthogonal one. By hypothesis there 
is an unitary normal vector field v orthogonal to e a (p), for all p G M 2 . We 
can take {ui = v 1 , v 2 = is} a frame of vector fields orthonormal to a, where 
v^ijp) is parallel to s a (p), such that {a u , a v , v L , v\ is a positive frame of R 4 , 
for a positive orthogonal chart (u, v) of M 2 . Thus e 2 = rE, f 2 = 0, g 2 = rG. 
The immersion a satisfies the Codazzi equations [2 

(ei)« - (fi) u = r\ 2ei + (r 2 2 - ry f\ - T\ igi - a\ 2 e 2 + a 3 u f 2 , (12) 

(e 2 ), - (f 2 ) u = T\ 2 e 2 + (r 2 2 - ry f 2 - r 2 u g 2 - a^e, + a xl A, (13) 

(h)v - (gi)u = r^ei + (r 2 2 - ry f\ - r 2 129l + a \ 2 f 2 - a 3 n92 , (u) 
(/ 2 )« - (92)u = r 22 e 2 + (r 2 2 - ry f 2 - T 2 l2 g 2 - a\ 2 h + a 3 n9l , (15) 

and the following structure equations [2] 

(v^) u = a\ x a u + a 2 u a v + a 3 u u, (16) 

(v^) v = a\ 2 a u + a\ 2 a v + a\ 2 u, (17) 
v u = a\\a u + a 2 2l a v - a^ 1 , (18) 
v v = a\ 2 a u + aj 2 a v - a\ 2 v L , (19) 

where 

x hF- ei G 2 e 1 F-f 1 E , g 1 F-f 1 G 2 f x F - 9l E 



a 



u EG-F 2 ' 11 EG-F 2 ' 12 EG-F 2 ' 12 EG - F 2 
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i hF - e 2 G 2 _ e 2 F - f 2 E x _ g 2 F - f 2 G 2 f 2 F - g 2 E 
° 21 ~ EG — F 2 ' ° 21 ~ EG-F 2 ' ° 22 ~ EG - F 2 ' a22 ~ EG - F 2 ' 
and r^- are the Christoffel symbols of a 0, i, j, k — 1, 2, which in this case 
are given by 

-pi _ E u 2 _ E v i ^ -E 1 ^ „2 _ pi _ G u 2 _ Gy 
11 ~ 2£' 11 ~ 2G" 12 ~ 2£' 12 ~ 2G" 22 ~ IE' 22 ~ 2G" 

Substituting the above Christoffel symbols in the Codazzi equations (jTBjl and 
fjTKj) we have respectively 

r ^ = §E~ rE + " a?261 + (20) 



and 



rG u = -^rE - ^rG - a\ 2 h + a\ l9l . (21) 



But Equations (J2(J|) and (|21j) are equivalents to 

- a\ 2 e x + a\ji = (22) 

and 

- a\ 2 h + a? lff i = 0, (23) 

respectively. Now the Gaussian curvature is 

v e i#i ~ (A) 2 , e 2^2 e,\9\ ~ (fi) 2 . 2 

K = = h r . 

EG EG EG 

By hypothesis K ^ r 2 , and thus 

em - (A) 2 ^ 0. (24) 
From the Equations J22J), (123 and (J2H) we have that 

= af 2 = 0. (25) 
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Substituting Equation in (fTSjl and (|19|) results that 



z/,, = -ra„ and z/,, = —roc 



Thus 



v = —ra + 7 



where 7 is a constant vector. Therefore 



7 1 



a = v. 



This means that a(M 2 ) belongs to a hypersphere with center 2 and radius 
-. The theorem is proved. 

The proof of the following theorem is immediate from the proof of The- 
orem E3J 

Theorem 3.3 Let a : M 2 — > S 3 (r) be an immersion of a smooth oriented 
surface into a 3- dimensional sphere of radius r > 0. Consider the natural 
inclusion i : S 3 (r) — ■> R 4 and the composition i o a also denoted by a. Then 
there exist an unitary normal vector field v and A > such that II V = 
((Pa, v) = XL 

The converse of Theorem 13.31 is given by the following theorem. 

Theorem 3.4 Let a : M 2 — > R 4 be an immersion of a smooth oriented 
surface. Suppose that v is an unitary normal vector field such that ll v = 
(d 2 a, v) = XI, where X is a nonzero constant, and the Gaussian curvature 
K ^ A 2 . Then a is hyper spherical. 

Proof. Take the positive frame {a u , a v , u 1 - , u}. As II V = (d 2 a, v) = XI we 
have 



II 




I 



I 



I 



v x + A v. 
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This implies that the ellipse of curvature e a (p) is a line segment whose dis- 
tance from their projection onto the z^-axis to p is constant and equal to A, for 
all p G M 2 . Therefore a has constant projection with distance of projection 
A > 0. As K ^ A 2 the theorem follows from Theorem 13.21 

Let a : M 2 — > R 4 be an immersion of a smooth oriented surface with 
globally defined orthogonal asymptotic lines. Then the normal curvature of 
a vanishes at every point. So there exist normal vector fields v and v L such 
that 

II 11^ ± ,Hu 11^ j_, > 

7? = — = v H v = v + A v. 

'ill I 

Thus II U = XI, where A is a positive scalar function on M 2 . This implies 
that a is zy-umbilical. The differential equation of asymptotic lines (0) is 
given by 

= Jac^I^x, Ily) = Jac( I I v ± , XI) , 
which is equivalent to 

Jac(II„±,I) = 0. 

But this equation is the differential equation of z^-principal curvature lines 
©• 

Theorem 3.4 of lemma 2.1 and theorem 2.1 of ^2] and above results 
are put together in the next theorem. 

Theorem 3.5 Let a : M 2 — > R 4 be an immersion of a smooth oriented 
surface. The following are equivalent conditions on a: 

a) The immersion a has everywhere defined orthogonal asymptotic lines; 

b ) The normal curvature of a vanishes at every point; 

c) The immersion a is v -umbilical for some unitary normal vector field 
v. 
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d) All points of a are semiumbilic; 

e) There exist a positive scalar function X and an unitary normal vector 
field v such that the second fundamental form relative to v is given by 
U v = XI; 

f) The asymptotic lines coincide with the lines of axial curvature defined 
by the large axis of the ellipse of curvature; 

g) The asymptotic lines coincide with the v L -principal curvature lines, for 
some unitary normal vector field v; 

h) The quartic differential equation of lines of axial curvature is the prod- 
uct of the quadratic differential equations of mean directionally curved 
lines and asymptotic lines. 

Furthermore if the above function X is a nonzero constant and the Gaussian 
curvature if ^ A 2 then a is hyper spherical. 

4 Concluding remarks 

One direction of research can be stated: To give an example of a non- 
hyperspherical immersion a of a smooth oriented surface in R 4 with globally 
defined orthogonal asymptotic lines having an isolated inflection point. 

Other direction of research emerges with the evaluation of the index of an 
isolated z/-umbilic point. This is related to the upper bound 1 for the umbilic 
index on surfaces immersed in R 3 and the Caratheodory conjecture (see 
and references therein). Gutierrez and Sanchez- Bringas jU] have shown that 
this bound does not hold for the v approach. 
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